(),
2. (a)

(b)
3. (a)

(b)
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4)
If f(a, b) is a symmetric bilinear form and
g(a) = f(a, a) then prove that
ga +b)—q(a—b) =4 f(a, b).
Ueo f(a, b) Sked meceecele eEjeKeue meceleele ne leLes
q(a) = f(a, b) lee emeee keieepell ekt q(a + b) —
ga—b) =4 1f(a, b)
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Prove that the set of all automorphisms
of a group forms a group.
emece kedeepeUe eked ekeimee mecen Kede meceml mJeskede eked] leeDee
fede mecelUele Yee Sked mecen nelee n~
State and prove Sylow's Second Theo-
rem.
meeFuee kede eEleeUe JeceUe kede GuueKe keieepeUe leLee Gme
emeae kedeepele~
Prove that the centre Z of a group is a
normal subgroup of G.
emeae kedeepele eked chedmee mecen G kede mecen keivd z
mecen G kede Sked DeemeeceevUe Ghemecen nelee n~
If pis a prime number and p divides D(G),
the order of the group G, then prove that

G has an element of order p.
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Note : Attempt five questions in all, selecting one
question from each unit. Question No. 1
is compulsory.
lelUeled FhedeF me Sked febve Uevele nS, kedue heele Debvee ked
Goej oeepeS~ feve me.1 Deeveleelle n~

1. (a) Show that the normalizer N(a) of the el-

ement 'a’' of a group G is subgroup of G.

oMeeFUe ehed ckeémee mecen G ked DeJeUele a kede feemeeceevUeked

N(a) mecen G kede Ghemecen nelee n~ 15/30
P.T.O.



(b)

(©)

(d)

(e)

S-684

)
If a is a fixed element of a group G, then

show that the mapping f, : G ® G de-
fined by f_(x) = x* a x is an automor-
phism on G.

Ueo a mecen G kede Sked eveeMUele DedeUele ne lee oMeeFUe
deb leeleeleCe £ - G ® G, pr f (x) = x' a x
Eeje heejVeeecele n, G hej Skeb miechedejekedjlee n~

Iff : R® R'be a homomorphism on the
ring R into the ring R* with kernel K, then
show that K is a subgroup of R under ad-
dition.

o f : R ® R Jeuele R me Jeuele R e Sked
meceskedeejlee e epemekeie Dee K ne lee oMeeFUe eked K
Jouele R Keie Sked Useieelceked Ghemecen n~

Prove that a commutative ring with unity
is a field if it has no proper ideals.

emece Keeepell ched Sked FhedeF Oeejked »edceelesvecele Jeuell
Sked #e%e neiee Ueeo Gmekee kedeF Gellle ieCopeedeuse ve ne~
Prove that every Euclidean Ring possesses
unity element.

emeae kedeepeUe eked JelUeked Useheuefeleve Jouele ce FhedeF
Dedelede edeoceeve nelee n~

Q)

(9)

(h)

S-684

@)
Let w, and w, be subspaces of dimen-

sions p and g, respectively, of a vector

space V(F) such that w; C w, = {0}, then
find the dimension of the subspace

W1+W2.

Uz w, leLee w, deimee mezolle mece™ V/(F) led sefcell:
p leLee o elecee Jeeue Ghemecse ne leLee w, C w, = {0}
ne lee Glemecee® wv -+w, lefe elecee feele ledeepele~
Check wether the set {(1,0,0),(1,1,0,),
(1,1,1)} is a basis of R3(R).

hejesteCe ledsepele e kelee mecellele €(2.,0,0),(1,1,0.),
(1,1,1)} R3(R) leie Sked DeeQeej n~

Show that the mapping T : R® ® R? given
by T(x,y,z2)=(x+y, 2z — x) is a linear
transformation.

OMeeFS ekt T(x,y,2)=(x+y, 2z — x) Etje eve™efele
leeleelefeCe T : R® ® R2 Sked jeKeked ™beelejCe n~
If a, bare vectors is an inner product space
then prove that |la +b|| £]] all +I] bll-
Ueo a, b Sked Deelej ieCeve mecee™ hed Dedellde ne lee
emeae kedeepell eked fla +b I £l all +11 oIl

P.T.O.



(b)

9. (a)

(b)

S-684

8)
Ueo B leLee B Skeb n elecesUe eejecele mecee™ v (F) ked
oe otiecele DeeOeej ne, £ mecee™ v fej Sked eEjeKeked
meceleele ne leLee p #eSe £ hej heej Yeeecele n><n Sked Smee
Deedlen n tked [a], = Palg." al Vv, lee emeae
feieepele eled [F],. = PU[F], P.
Let v be a complex vector space and f be a
form on v such that f(a, a) is real for every
al v then prove that f is Hermitian.
Useo  Sled meecoeBe meeoMe mecee™ v hej Sked Smee meceleele
ne dhed v led mecemle Dedelelee a ke euele f(a, a) Jeemleedeled
ne lee emeae hedeepell eked £ neceSell neiee~
State and prove the polarization identity
for the complex inner product space.
meecceRe Deelej ieCeve mecee™ ke eugle OedeCe lelmeceked kede
GuueKe kedeepele leLes Gme emeae kedeepell~
Apply Gram-Schmidt process to the set
of vectors {(1,0,1), (1,0,-1), (0,3,4)}
to obtain an orthonormal basis of R® with
respect to the standard inner product
defined on R3.
meeoMe ked meceUele €(2,0,1), (1,0,—1), (0,3,4)}
hej «eece-eMeceS UecyekedekedjiCe Dooeice hede lelesie kedjled RS
hej feej Yeeecele ceeveked Deelej ieCevetedue ked meghette R hede
Sked Jemeeceevle ueeeyeked DeeOcej kede ieCovee kedeepele~

()

Ueo p Sked DeYeeple meKUee n leLee p mecen G kede kedeeS
D(G) kel eleVeeepele kedjlee n lee emeae kedeepelle eked G @ p
fedeeS Kede Shed Dedellede elebeceeve neiee~

€Y

(b)

(@)

S-684
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If Fis a field, prove that its only ideals are
{0} and F. Deduce that a homomorphism
of a field is either an isomorphism or maps

each of its element into its zero.

U0 F Sled #efe ne lee emece ledsspelle dled Fmeked i peeleuss
feideue L0} leLee F ne neie~ Dele: eveiecewe ledeepele eled
chedmee #ebe ke mecechedee lee Use lee leuUeekedee] lee melee n Uee
lelUsked DedeUele kede Gmeked MevUe hej feeleell ele kedjlee n~

Let R be an Euclidean Ring, then prove
that every nonzero element in R is either
a unit in R or can be written as a product

of a finite number of elements of R.

Ueo R Sked Ueekeue [eUeve Jeuelle ne emeee kedeepele ehed R
fede OelUeked DedeUede Uee lee R lelmeceked neiee Ue Fme R
fed feejecele meKUee e DeleUelee ked ieCeveredue hed ™he ce
eueKee pee mekedlee n~

Prove that if R is a unique factorization
domain, then the product of two primi-
tives polynomials in R[x] is again a primi-
tive polynomial in R[x].

P.T.O.



(b)
6. (a)

(b)
S-684

(6)

emece keieepele eled Useo R Sked DeeEleeUe ieCeveKeC[ve
leevle e lee R[x] kel oe feleie yenheoe keée ieCeveredue
R[x] ce Sled fedeie yenheo neiee~
Prove that the polynomial
f(X)=1+x+x2+ --—- + xP71, where p is a
prime number, is irreducible over the field
of rational numbers.
aneee eamnelk ded Jenft0 FO)=1-+x+x2+ -—- + xP1,
pene p Sked DeVeepUe meKUee n, feejiceUe mek UeeDee ked #eSe
ce DeKe[veelle yenheo negieg~
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If wis a subspace of a finite dimensional
vector space v than prove that w is finite
dimensional and dim w < dim v.
Ueeo w Sled feejecele edeceele mesoMe mecee™ v kede
Ghemecee = ne lee emece kedeepell eked wv eejecele edeceele
neiee leLee dim w < dim v.
Prove that any set of linearly indepen-
dent vectors in a finite dimensional vec-
tor space V(F) can be extended to a ba-
sis of V(F).
emece Keeepell eked chedmee heejecele elecesUe meeole mecee
V(F) ke keieF Yee Skedleelele: mieleSe meceUUele v (F) ked

Sked DeeOcej ce elemlele ekedlee pee mekedlee n~

7.

€Y

(b)

€Y

S-684

()

Let V(F) and W(F) finite dimensiond be
vector spacesand T : V ® W be a linear
transformation, then prove that the range
of T is a subspace of W(F) and
N={al V/Ta =0} isa subspace of V(F).
Ueo V(F) leLee W(F) hegjecele edeceeUe mesoMe mecee®
neDeej T: v ® W Sk jeKele leeleeUeSeCe ne leg emeee
fedeepell dhed T lede heejmej W(F) Kebe Ghemecee™ leLes
N={al V/Ta =0} V(F) ke Ghemecee neiee~
For the basis B={(1,-2,3),(1,-1,1),(2,4,7)}
of V3(c), find the dual basis of B.
V3(c) ké Delgj B={(1,—2,3),(1,-1,1),(2,—4,7)}
fede Ele DesOeej Yeele hedeepell~

Unit-1V 7 FleigF-1v 5/12
Let B and B' be two ordered bases of a
finite n dimensional vector space V(F), f
be a bilinear form on V and P be the nxn
invertible matrix over F such that
[a]s =P[a]s," al V, then prove that

[fle = P'[fls P.

P.T.O.
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